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INTRODUCTION 

The present paper embodies the results of an investigation concerniiLg tlie 
contmuity of the sum function of suimnable divergent series. In particular 
the following problem is solved: To determine the necessary and sufficient 
conditions that a summable divergent series of functions with continuous 
terms must fulfill in order that its sum function, as defined by Borel, Cesilro, 
and Hardy and Chapman, be itself continuous. 

Hardy* and Smailf both defined a summable series to be uniformly sum- 
mable if the limit involved in the defined sum was approached unifonnly. 
My first problem consists in determining whether this type of convergence 
is both necessary and sufficient for the continuity of the sum function of a 
series of continuous functions. This question is settled by the citation of a 
apedfic series whose Cesib-o sum function is continuous but which is not uni- 
formly summable. 

Then in a manner somewhat analogous to the definition given for quasi- 
uniform convergence by Arzela,t I define what I call quasi-uniform summability 
of a summable divergent series. I then show that this type of summability 
is the necessary and sufficient condition for the continuity of the sum function 
of series summable by any of the three methods mentioned above. I do not 
attempt the investigation of this question in connection with the most general 
sums given for divergent series, as for example those given by Smail,§ but 
confine my attention to those sumis which are most practicable and most 
frequentiy used in calculations. 

finally Z show that if a series is quasi-unifonnly convergent it ts also qua»- 
uniformly summable, so that my definition of quasi-uniform summability is 
consistent with that of quasi-uniform convergence. 

* G. H. Hardy: "On Di£F. and iDtegration of Divergent Seriee," TraTit. Carnbridge Phi- 
toBopkic 8oc., Vol. 19, pp. 297-321. 

t Lloyd L. SiDoil, Columbia University Dissertation, 1913. 

t Sulla serie di funnoni, part 1, Bologna, 1899, p. 10 et seq. [See also Townsend, £. J., 
BvU. Amer. Math. Soc., Vol. 12, p. 7.] 

i Loc. cit. Also a paper presented to the Amer. Math. Soc. (see fiuZI. Amer. Math. 8oe., 
Vol. 20, July, 1914), a copy of which the author very kindly sent me. 
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2 Some Theoreiq in the Theobt op Sumhable Diveboent Series 

§ 1. An Example of a Non-Convergent Sohhable Sebies of Continijoiis 

Functions which has a CoNTiNUOtJS CesXbo Sdm FcNcnoN, 

TET which is not Unitobhlt Sdiouble, a^xokding 

TO Haedt 

Conner the series such that 

(1) *,=.-«•(«- l)»rt-»'' + (» + I)nx • «-«» + (- 1)», 

where $n is the sum of the first n + I terms of that series. 

(a) This series is noo-convergent — for any finite value of x—ior 

lim «» = lim [- « - (n - l)a»-(-"'' + (n + l)na!-^ + (- 1)«J 
-0 + Iim(-l)-. 

But(— I)" approaches DO litmt as n increases, but oscillates between and + 1. 

(b) This series is summable by CesSro's sum for k = 1. For 

,o^ *» + *i + ■ - ■ + J. (n + l)Twe-^ + [+l-l+l--- +(-!)■] 

and 

(3) Six) = li 



n + 1 

for any fimte value of x. 

(c) The sum function Six) b continuous yet the series is not uniformly 
summable. 

A series summable by Ces&ro's sum is said to be uniformly summable 
provided the limit in (3) is approached uniformly, i. e., provided 

(4) \nxe-^\<f, 

n>N and any x in some chosen interval say ( — a, a), where a is a finite number 
greater than zero. The inequality (4) does not hold, however, for x near 
zero,* and the series is not unifonnly summable. It has thus been shown 
that uniform summability, wfaile sufficient for the continuity of the sum function 
of a series of continuous functions, is not necessary. 

§ 2. Quabi-Unii^bu Apfboach to a Ldot 
We proceed now to detemune some necessary and sufficient conditions 
under which the sum function of a suomiable series of continuous functions 
b itself continuous. To that end we define qua^-uniform approach to a limit. 
Note. — lite definition here given is more general than b needed for the sub- 
sequent discus^on, but the general form b f^ven because of its suggestiveness. 
•Oaeaod, BmO. Am. Maiit. Soc, Vol. 3. 
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Some Theobemb in the Theory of Sduhable Diterqent Series 3 
Let there be f^ven a function 

of p sets of variables xi"', a:i*", -••, a:,"*, Xi<^^, Zt'^, •■•, x^'^, •■•, ■•-, 
a;i*»>, Xi'"*, ■ ■ ■, a;,''', wherein for convenience we will represent the set Xi™, 
Xt^i, ••-, «.(» by a:<", iriO', •••, ar„«> by x«', etc. Furthermore when 
«i'"->oif", Xi<"-»Oi"*, •••, ijt'^ -» Os"*, where the 0|<*' are some con- 
stants, we shall say simply x'^ -* a'-^K 

Let the function / be defined for x<» in an n-way space X^^, x® m an 
Bi-way q)ace X^, etc. 

For each a"> in Z™ let 

lim / [x<», xO>, • ■ ■ , a:('>l = v(xi«>, x,<», x»<», ■ ■ ■ , x.w). 



Let the numbers t and 5*", i'*^, • • ■, 3<»> be arbitrarily chosen but all greater 
than zero. Then if there exists a set of numbers Z><*', Z>'**, ■■■, Z)*""' all 
greater than zero and fixed, such that 5«> > Z><«, «<» > /)(»', ■ ■ -, 5'" > flf^, 
and such that for each z'^ in X^" there is one or several sets of numbers, 

where each 6/*' is one of a finite set of numbers such that 5*** > 8,**) > j}l>i^ 
which make 

|/(x<», x<», ■ ■ •, iW) - v(a:,<», X|0), - ... x.(rt)] < «, 
when 

|i8> _ oO>| = i^o', |xO' - o»'i = «y«', • ■ ■, \x^'i - a^'^ = Si*'*, 

/ is said to approach p quasi-uniformly in Z<'>. 

The above definition b constructed on the assumption that x^^-^a^*, 
x* -♦ ot", • • •, x<'' -» a'"' simultaneously but independently. It may, 
however, not be dearable in some work to have all these limits approached 
simultaneously but rather according to some law of aucces»on as in the case 
of repeated limits 

lim lim ■•- lim /(*«', xO>, -■■ x''>) = ¥j(x<») 

or even in groups as 

lim ••- lim /(x<",x™, •••,«(">)- (9(*(»), 
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4 Some Theobebis in the Theobt of Suhuable Diverqent Series 

Id audi cases / might be sud to approach ip through repeated limits and the 
method of approach definitely stated. 

As an example of the above definition consider an infinite series of functions 
2!a.(x), the / of the definition ia in this case SJ^x), a function of two sets of 
variables each set containing a single member x and n. / is defined in a one- 
way space through integral values from to «> , while x is defined in a one- 
way space through all real values from a to &. 

Set n = 1/p then S.(x) becomes a function of x and "p which we may write 
S(a:, p). Then assuming that the series ia defined for each x in (a, t) we 
would have 

lira S«(a;) = lim S(a:, p) = »(«). 

Then, if to « and S*'' arbitrarily chosen but greater than 0, as 5''' = 1/iV, 
where J\r is an arbitrarily large integer, there corresponds a /?'''' > such 
that 3f> > Z><p> > 0, such that for each x in (a, i) 

|/(ar, p) - p(ar)I < *, 
that is 

\S{x, p) - s{x)\ < e, 

when jp — 0] = 5.'"', where Sit"' is one of a finite set such that i'^ > ij'"' 
> D^>, then Six, p) approaches «Car) quasi-uniformly in (o, 6). We note that 
this is precisely the definition for quasi-uniform convergence given by Arzela.* 
Agun in the case of a Fringsheim double limit 

lim Sp,tix) = s{x) X in (a, b), 

we have three 3ets of variables, each set containing a single member x, p and 
q; or they might be considered as two sets, one containing the single member 
X, the other the two members p and q. 

Set p' = t/p, q' = Ijq, then in either of the above cases we should say 
that if to « and Jo' and 5t» arbitrarily chosen but greater than zero there cor- 
respond two numbers D^' and D"' both greater than zero and such that 
jS(« > />«)_ jO) > p«)^ 

and such that, further, for each x in (a, b) 

\S,_,_ix)-six)\<€, 

when \p' — 0| = 8i™, \q' — 0| = 2y<" where 5j'" and j^w are each one of a 
finite set satisfying the inequaUties 

JSm > 5,0) > 2)o>, J") > 3i<» > Z)»>, 
the Fringsheim double limit is approached quasi-unifonnly in (a, b). 
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SoMB Theoremb in the Theobt of Sumuable Divebqent Semes 5 

§ 3. The Borel lNTEaKA.L Sum 

We proceed now to apply the above definition, or rather a special case of 
it, to the investigation of the problem siiggested by the series pven above, 
that is 

What are the jucessary and, svfficient conditions that the «um function qf an 
owiUaUng series qf coniintums functions be iiself continuousf 

The observation might be made at this point to the effect that any set of 
conditions that we might obtain (or oscillating series must apply equally well 
to convergent series amce the latter may be considered aa having zero oscil- 
lations. 

Since the Borel Integral Sum* of an oscillating series was one of the first 
sums discovered, and furthermore, since it is still one of the most powerful 
that is used in calculations we begin by considering that sum from the pomt 
of view of the question just put. 

DefiniHon. — A summahle series cf functions is said to be quasif^nifoTvdy 
sumtaajble (B) in an ivienal (a, b), when the Borel integral is quasi^^niformly 
convergent in that interval. 

By OUT definition of p. 3 the integral 



s> 



x)dx 



defined for all values of a in (a, b), and for all positive values of X, will converge 
quaa-uniformly for ain {a,b) as X passes through all positive values, provided 
that to 6 and N arbitrarily chosen there corresponds a fixed positive number 
N' > N such that for each a in (a, b) 



If- 



f{a,x)dx\<t 

for N' > n^> N, where n, is one of a finite set of values between N and N', 

Theorem I. Letfia, x)bea conHnuom function of x in the itderval (0, X), 

X an arbitrarily large -positive raaaber, and qf a in the interval (a, b). Let further 



jr/(«, x)dx 



converge for every value of ain (a, b). 

Then, the necessary and sufficient condition that the integral 

J{a) = ffia, x)dx 
'Bnd, E., "Legons sur lea Biriea diverKenteo." Paris, 1901. 
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6 Some Theoeeus in the Theort of Suiouble Diteiioent Sebies 

he a cotOinuousfuncHon of a in {a, b) ia that U converge quMirunifomdy in (a, 6).* 
Protjf. — (o) The eondiHon m sufficient. 
By wmple convergence, for every a in (a, 6), say a = a', we have 

(1) !/"/(«', *)(icl< I foranyn>JV. 

Agun from the quasi-uniform convei^nce of the integral, to c/3 and N 
arbitrarily chosen, there corresponds an N' > N such that for every a in 
(a, 6) there exists an n„ one of a finite set lying between N and N', and such that 

(2) |/"/(«,a:)*te|<|. 

Furthermore from the continuily otf{a, x) ve know also that the integral 
:, x)dx, 



p. 



where X is any fixed positive number, is a continuous function of a in (a, b 
So for a chosen X and c/3 we have 



I jT/Ca-. x)dx - f'fia". x)dx\<l 



provided [a' — a"| < B^, where Sx indicates tiiat S depends essenUally on the 
X chosen. 

If, now, X represent each of the finite number of n. lying between N and N' 
above, there will correspond to these X's a finite nmnber of Sz from which we 
choose the smallest say S. Then 



t and n." represents some one of the n.'3 b 
ahties (1) and (2) we may write 

I JTA"". x)dx\<^ and I jT/C"', «)<ic I < I . 

ne since n,« > N. 

ng (3) with these we obtwn 

r'"s(fi^, x)dx - r*"f{a", x)dx\ + \ Cfia', x)dx - ffW, x)dx\<e 

* Compare Bromwich, London Math. Soe. Ptoc., Vol. 1, Ser. 2, p. 199. Here ia there 
^ven a Bet of conditions for the continuity of Jia), but hia aaBumptions are somewhat different 
ftmn the above and the conditions ue not quite bo neatly put, aa those above. 



when \a' — or"| <i and n,« represents some one of the n,'8 between N and N'. 
From the inequahties (1) and (2) we may write 



the latter one since n.^ > N. 

Combining (3) with these we obtwn 
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Some Theorems m the Theoet of Summable Divergent Series 7 
for |a' - a"| < «. Or^ 

Consequently 

J /(«', i)<it - I f{a", x)dx < c 

for \a' — a"| < 5, which establiahea the continuity of J{a) in (o, b), and so 
part of our theorem is demonstrated. 

(6) The condition is necessary. 

The integral J(or) converges for every a in {a, h) and is continuous m 
(a, 6). Also the intend 

j['m x)Sx 

b continuous in (a, 6). 

Let CI!' be a point of (a, 6), then to e/3 there corresponds a 5 such that 



(4) 



jS(a, x)dx - J /(«'. x)dx < I , for la - a'\ < Si. 



Since the mtegral converges for every « in (a, 6), to </3 there corresponds an 
iV such that 

x)dx < 5 for any n > JV. 



IP""- 



Hie number n being thus chosen, to e/3 and this n, there corresponds a 5] 
which gives 

(6) J ^'•"' ^^'^ ~ J •^^"'' ^''^ "^ I provided |o' ~ a\ < St. 

Furthermore, the following inequaJi^ holds: 

I ffia, ar)<fa I < I T/Co, z)<fa - f'/Ca', x)tir| 

Choosing now the smaller of Si and St from (4) and (6), say S, and combining 
(4), (5) and (6) with (7) we obtain 



/ /(a, x)dx \<e for [a - a'\ < S, 

by Google 



n being some fixed niunber greater than N. 

Since Jia) is continuous over the whole interval (a, b) a number n > N 



8 SouE Theobeus in the Theobt of Suhuable DnTEBGENT Sebies 

may be detennined for each point a of that interval, and also a partial interval 
having that point as mid-point, such that 



IX- 



/(a, x)Ax < €, 



for any a in that partial interval. 

Consequently all points of the interval (a, 6) are interior to some such 
partial interval, so that by the Heine-Borel* theorem there exist a finite number 
of such intervab. So, to each a in (a, h) there can be made correspond a 
number n„ of a finite set, such that 



I/: 



/C«, x)ix < t, 



which defines the quasi-unifonn convergence of the integral y(a) to a limit in 
(0,4). 

As a direct consequence of the above theorem we have our first important 
result: 

Theobsm II. If ail the ierms u.(a:} (^ a series 

(8) 2«,(a) 

are cortHniuma funcHotu of a in the itderwd (a, b) ; and furthermore, if the eeriee 

(9) Su.Ca) —,er-' = er^(a, x) 

converges quaai^unifoTmly for any posUive value of x, then the neceetary and suf- 
ficieni condition that the Borel sum function 

S«,(ar) 
I 

he UseJf continuous, is that the teries he quatirun^orvdy aummdble in the interval 
in question. 

(a) Since the terms of (8) ore continuous functions of a in (a, 6) the terms 
of (9) are continuous functions of x and o m the region (0, X, a, h) , X any finite 
poidtive number; and since (9) is quasi-uniformly convergent, its sum is con- 
tinuous. Furthermore from the definition of qua^-uniform summability of 
the series 

J(a) = Su(a) = Jtr^ia, x)dx 

is qua^-uniformly convergent in (a, 6). l^en from the preceding theorem 
J(ci:) is continuous, and so the Borel sum function of series (8) is continuous. 
* Borel, "Lecons mr lee fonctiraa de variabhs nSUea," p. 9. 
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Some Theobems in the Thbobt of Sdmmable Divergent Seeies 9 

(6) The necessity of the stated conditions follows also from theorem I, 
where we note that tr^{a, z) is continuous in (0, X, a, 6) and that 



f 



e-*aiS!it x)dx 

is continuous in (a, h). Hen this integral convei^es qua^unifonnly and so 
the series is quasi-unifonnly summable. 

The assumption made in the preceding theorem regarding the continuity of 

Zujfit) —.e-' = e-»«(a, a;) 

may be removed for a very large class of summable series, namely those series 
the sum of whose first n terms oscillates between finite limits as n increases 
indefinitely, for in such cases Su.CaXa:"/*!!)^^ may be shown to be uniformly 
convergent in any finite re^on (0, X, a, b). 

To show this we first recall the definition of uniform convergence of a 
series of functions in two variables. The series 'Sf,(a, x), fjfii, x) being func- 
tions of a and a: in a re^on (0, X, a, b) say, is siud to be uniformly conver- 
gent, to F{a, x), in that region when to an arbitrarily selected e there cor> 
responds a number N such that 

\Fia, x) - 5.(a, 1)1 < « 

for any n > N and any pair (a, x) in (0, X, a, b). 

Diricfalet's test for a uniformly conveigent series of functions in one vari- 
able is easily extended to functions of two or more variables. It is as follows: 

The series 2a^/a(o:, x) is uniformly convergent in the region (0, X, a, b) 
provided 

1. Sa. oscillates between fimte linuts. (The a» may be functions of a 
and X in which case iZa*! must have its maximum limit less than some fixed 
number.) 

2. For any particular (a, x) in the pven mterval, fn{<x, x) is po^tive and 
never increases with n, and as n tends toward oo , /^(a:, x) tends uniformly to 
zero for aU values of x and a in the ^ven region. 

The proof of this follows exactiy that for a series of functions of one variable. * 
We proceed now to show that when the series 

^■(a) a^a^b (a and b finite) 

osdllates between fimte limits, the series 

2y.(a)^«- 
*Biomwicli, "Hw Ilieorif of Infinite Seriee," p. 114. 
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10 Some Theoreub in the Theobt of Suhhable Divergent Series 

for X in (0, X) {X any finite positive number) satisfies DiricUet's conditions 
^ven above for two variables and hence is imiformly convergent in the region 
(0, X, a, b). 

First, since "SJJfit) oscillates between finite limits |2/n(a)| remains always 
less than some finite number. 

Secondly, the function /.(a, x) of the definition, which in our case is 
(ac"/e*nD, is positive for any value of (a, x) in the region and never increases 
with n for n suflBciently large, say n> X. 

Finally we must show that e~'(3^ln I) tends uniformly to 2ero for all values of 
{a, x) in (0, X, a, b). 

For a and x fixed, it is well known that 

lira ^, = 0. 

To show that the approach is uniform we proceed as follows: Let a = (z"/c*nl) 
and suppose, for the moment, that n is fixed. Then 

dz na:*~'e*ftl — j*e*«I 
dx " e^{n\)' * 

Setting this expression equal to zero we find the critical values to be a; =■ 
and X = n. For x = and any n, the function is zero so there is no maximum 
there; the important case then is when x = n. For n some fixed number 
then, the z function is represented by a curve whose maximum is at the point 
X = n. 

For each value of n we obtain one such maximum point and for all n's we 
obtain a locus of these points defined by the expression 



(10) 



e"nl' 



and if we can show that by taking n suffidently large, greater than some 
number N, the value of this expression becomes less than t, and renuuns so 
for any n> N, then our object will have been attuned. 
By Stirling's formula for n sufficientiy lai^ 

»l->V25m ■ — 
e" 

and so, from (10), 

n' n' 1 

i. e., (10) can be made to differ from 1/^2^ in numerical valu e by as small a 
quantity as we choose. But for n sufficientiy large 1/V25m can be made 
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Some Theoreub m the Theobt of Summable Ditebgent Series 11 

less than any assigned num ber e. Consequently for n > N, where JV is a 
number such that |l/-^»itf| < e/2, 



We have shown then that the series S(/„(a)x"/e*nl) satisfies Dirichlet's condi- 
tions and is consequently uniformly convergent for any (a, *) in the region 
(0, X, a, b). 

TeEOitBH III. The necessary and sufficient condiUon that tke Borel rum 
function (>f a series qf conHmums functions c^ a in the interval (a, h), 'Zutifx), 
which otciUaies between finiie limits, shall be itself continuous in {a, b) is thai the 
series be quasi^nifomdy summahle (B) in (a, b). 

For according to the considerations immediately above, the series 

is uniformly convergent In the region (0, X, a, b) and hence its sum function is 
continuous in that region. Consequently since the series is quasi-uniformly 
summable and hence the Borel integral quasi-uniformly convergent, the 
conditions of Theorem I ore satisfied and the sum function is continuoiis. 

Again if the sum function is continuous the series is obviously quasi- 
uniformly summable and our theorem is established. 

We axe in a position now to ascertain to what extent the definition of 
qua«-uniform summability as ^ven above is consistent with that of quasi- 
uniform convergence. The discussion of this matter will be limited to series 
of continuous functions ooly, smce both quasi-uniform summability as well 
as quasi-uniform convergence are important in so far as they apply to such 
series. 

As a preliminary we establish two theorems concerning quasi-uniform 
convergent series of continuous functions. 

Theobeh IV. Xf Sus(a) is a quasir^niformly convergent series of corttinuous 
functions in the interval (a, b), a finite number qf functions of a, continuous in 
(a, 6), rmy be added to that series and the resulUng series vriU be quasi-uniformly 
convergent in (a, 6). 

For by Arzela's* theorem the sum function of the given series, say /(a), 
is continuous in (a, b). If now a finite number of continuous functions is added 
to /(a), the result will also be a continuous function of a in (a, b). The re- 
sulting series, all of whose terms are continuous, has a continuous sum function 
and consequently ia quaa-uniformly convergent. 
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12 Some Theobebis m the Theobt of Sdmhable Diverqent Sebies 

Now suppose there is given an arbitrarily large positive niimbeF X, and 
let [X] deaigoate the first integer greater than X. Consider the set of functions 



11' 


21' • 


•• Wl 


»■ 


X' 


±> 


ir 


21' ■ 


■ Wl 



11 ' 21 ' ' [XII 

all of which are continuous for x in (0, X) and hence bounded there. Since 
there is a finite number of these functions there will be a finite number M 
greater than any of them for any x in (0, X). 
Let the series of continuous functions of a 

(U) «o(«) + «i(a) + «.(«) + • • ■ + «,C«) + ■ ■ ■ 

be qua^-umformly convergent for every value of a in (a, b) and form the series 
of functions 

(12) «„(„)+«,(„). J +«,(„). ^+...+a,(a)^+... 

whose terms are continuous functions of x and a in the re^on (0, X, a, b). 
We proceed to mvestigate the series 

(13) S"'^''^^ 

where N is any integer greater than [X]. 
In this series (13) every 

i any poative mteget, for every x in (0, X). For, the functions a:"/n! always 
decrease for n > z and since iV^ > [X] > X, X bang the largest value that x 
may assume, those functions with index N or some larger number will be less 
than the maximum value of some one of those with index a number from 
to [X], i. e., they will be less than M for any x in (0, X). 
Consequentiy 

I x"*^ I 

(14) |«j,+4(a)^^yq^,+ "-|<Af|tt*+,(a) + .--|. 

Let us DOW choose an e arbitrarily small and an integer Ni > N, and set 
c = 3f • (T, so that by choosing e sufficientiy small, M being constant, <r can 
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be made small at pleasure and conversely. Since series (II) is quasi-uniformly 
convergent, to a and Ni there corresponds an integer N' > JVj such that 

(15) !«,» +«,.+,(«) + ---l<<r 

vhere n. is an integer such that JV' > n. > Ni, depending in general upon a 
in (a, b). 

Consequently 

(16) M I a,.(a) + ■■■\<Me N'>n.> Ni, am (a, b) 

and ^ce it is independent of x we may say, — for any x in (0, X). (14) and 

(16) then give 

(17) |«.»||^+..-|<« 

for iV' > n. > Nu and for each {x, a) in (0, X, a, b). (17) shows that to « 
arbitrarily small and Ni there corresponds a number N', such that for each 
(i, a) in (0, X, a, b) there exists an integer n, between Ni and JV' which makes 

(17) hold. This, however, by our general definition assures the quasi-uniform 
convergence of (13) with respect to x and a in (0, X, a, b). We have then 

Theoreh V. ^ a quaair^niformly convergent series of continuous functions 

«o(at) + «i(«) + • • ■ + «•(«) + ■ • ■ a in (o, 6) 

be muUiplied term by term by the sequence cf functions 

where X is some fimie nurnier, the resulting series is quasif^n^ormiy convergent 
for {x, a) in ike region (0, X, a, b). 

Theorem VI. A quas^niformly convergaU series of coniinwyus functions 
is quasi^mformly summable (£). 

Let the series of con^uous functions 

(18) 2u.(a) = s{a) a in (a, b) 

be quasi-uniformly convergent in the interval (a, b). Using (IS) form the 
Borel u-fuDction 

(19) u{x, a) = «o(a) + «i(a) - a; + - ■ • + «.(«) |i + " ■ ■ 
and the Borel sum 

(20) ©««(«)=! e-^(x, a)dx = ®ia). 

Since (18) is convergent for every a in (a, b) it is also summable (fi) with 
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«(a) = @(a).* But t(fli) 13 continuous in (a, b) on account of the quasi-uniform 
convei^nce of (18), hence ©(a) is also continuous in (a, b). But 



@(a) = j ff-*u{x, a)dx 



for every a in (a, i), consequently the Borel integral b a continuous func- 
tion of a in (a, &). By Theorem V the integrand e~*u(x, a) is continuous in 
(0, X, a, b), X any finite number, consequentiy the integral is quasi-uniformly 
convergent in (a, b) which makes (18) quasi-imiformly summable In that 
interval and the theorem is established. 
An Example. — Consider the series 

a - [(a* - l)a + a»] + 2l[^^~^+ (cf ~ l)a*] 



(21) 



„.r (a'-l)'« , (g'-l)' .1 , 

+ (-l)-«II_ — -^ — + („_1,1 J + - 



In the first place this senes is conve^ent for all values of a in (— 1, 1). For 
dividing the (n + 2)d term by the (n + l)8t we obtain 



- (» + 1) 



nl 



!)■« tf - 1)-' . 



the limit of which asn-»aoi3— a*+l. Tliis is less than 1 for all values 
of a b the interval except o; = 0, in which case the series obviously converges 
to zero. Furthermore since it is convergent it is also summable (B) in the 
same interval, we proceed to find its Borel sum function @(a). 

To this end we first form from (21) the Borel u-f unction using the auxiliary 
variable x; it is 



u{x, a) = a — x[(a* 



-I)o+a'l + 
+ (-!)■»■[ 



+ (»-l)l J+' 



■ a - l(o" - Do + • 



- xc/ + iWCrf - 1) - 



nl 
■ l)-aj-(g' - 



nl 
(- l)'x-cf(o/' - 1)-- 



(n-I)l 



* 0. H. Hardr, Comiriffpe PkOoe. Ttwu., Vol. 19, pp. 29S-299. 



db, Google 



y 



SouE Theobems in the Theobt of Sdmuable DrvESGENT Series 15 

the rearrangement of terms being justified by the result, for each of these 
lines is in itself an absolutely convergent series, the first line being equal to 
o*-"**^", and the second to — aw'e-*''^". Accordingly we have 

(23) «(ar, a) = ttr^<-'-i> - Stt'«-*t-'-". 
Multiplying (23) on both sides by €"• we obt^n 

(24) «-^(i, a) = aer'" - xt^e-*" = '^^'^ . 

since a and x are entirely independent of each other. Prom (24) we see that 
the Borel integral, 

(25) J'^^^^^dx^\im{axe'^~0, 

gives @(a) = for every a in (— 1, 1), it is then continuous, and since the 
terms of (21) are continuous functions of a in (— 1, 1) the limit is approadied 
at least quasi-imifonnly. It is not uniform convergence, consequently it is 
just qua»-unifonn convergence. The aeries (21) is then quaai-unifonnly smn- 
mable. 

finally, unce the sum of (21) ia equal to the linut in (25) for each value of 
a in (— 1, 1) the sum function of (21) is continuous and consequentiy (21) is 
quasi-uniformly convei^ent in (— 1, 1). 

We conclude then from the above investigation that a quasi-uniformly 
convergent series will not in general be more than quasi-uniformly summable 
when summed according to Borel's method, i. e., that the limit used in 
Borel's method of summation is not approached any " more uniformly " than 
is the limit used in ordinary summation of a convergent series. 

Theobeh VII. (I) Let the aeries 2u,(ci:) he aumvwble (B) for every a in 
{a, b), arid un^orvdytumituMe except at a finite »et of points ai, at, ■•■,oc,C!f(a,b). 
Furthennore (II), let 

lim i c-^(a;, a)dx = 0, 

for m a finite integer greater than Vi, where the latter is arlnfyrarUy selected. Then 
2ua(a) is quasir^niforml}/ summable in (a, h). 

From (II) to an e and an N arbitrarily chosen, for each ai there exists a 
Jii > such that 



If 



^-Hi{x, a)dx < e. 



when ni is some finite integer greater than N and a is in the partial interval 
(flit ~ Bi, ai + Si). Then for all the at there will be a set of nimibers ni, nj, 
■ • - n, all greater than N. Since there -is but a finite number there will be one 
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greater than all the others; let N' be an integer greater than this, then chooung 
S the smallest of the 5i we have 



ir 



(26) J er^ix, a)dx\< € N' > rn> N and ex in (en -«,«( + S). 

Firom (a, b) delete the subintervals of width 25 at each point m and call 
that which remains fi*. By (I) Su,(ix) is unifonnly summable in Bt, we have 
then corresponding to e an N" such that 

(27) I er*u(x, a)dx < « for any n > N" and for any a in B|. 

Prom (26) and (27), by chooMng the larger of N' and N" and caUing it Nt, 
we have — to e and N there corresponds a finite number Ni such that 



ix: 



r^uix, a)dx \<t f or M > n. > N, 



where fia is one of a finite number of numbers depending, in general, on a, a 
point of (a, b). This, however, is the definition for the quasi-unifonn con- 
vergence of the integral in (II), and hence for the quasi-uniform summabiUty 
of the series in (I). 

CoToUary. — The aeriei of coniinuouB Junctions liu,t(a) tumvu^ (B) for 
every a in (a, b), and uniformly ntmrnable except at a finite tet cf pniUs ai, at, 
■•• a,cf (a, b), and for which pointe 



lim 



J e-*«(a;, a)tlx = 



tchere ntis a finite integer greater than an arhUraTily large fimte mtmier Vi, suck 
a seriet has a eonHntunu Bord turn function in (a, b). 

§ 4. CebIjio's METHon of Summation 
Cesiro defined the sum of a series Zu. to be 

hm 7-^ 

■->• n + 1 

where *(=• uo + «i +■••+«.; or more geaerally the sum of Zu. is 

(28) «^x:(o. 

wheran 
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provided, in both cases, that the linut existed. 

If the u. are functions of a in the interval (a, b) then (28) would read 

(29) lim —^ = S(a). 

Definition. — ^The series "Sunia) is said to be quasi-udfonnly suinmable 
(C) for a in the interval (a, b) if the limit 

is approached quasi-unifonnly in (a, b). 

Theorem VIII. The necetsary and miffideiU condition thai the teriea of 
eonUnuou8funcHoni2Vnia),forain (a, b), have aconiinwma sum in the Cethro 
sense is that it be tpian-^niformiy eummable (C) in (a, b). 

Proqf. — Since uo(o:), Uiia), • • • are continuous functions of a in (a, 6), the 
functions »«(«) - «o(q:) + «i(tt) + • • • + u«(a), n being some finite integer, 
are also continuoia functions of a in (o, b), and therefore the series of which 



is the sum of the first n + 1 tenns is a series of continuous functions of a in 
(a, b). This last series, however, according to our hypothesis converges 
quasi-unifonnly in (a, 6), and consequentiy its sum function is continuous. 
But the sum function of this series is precisely the Cesiro sum of 2Ua(a), 
hence the first part of the theorem holds. 

On the other hand, when 8ia), as well as the u.(ci:), is continuous, wluch is 
agun the case with 

S,t'>(Q:) 

the limit (29) is approached qua^-uniformly, and then by the definition the 
series Zu.(a) is quasi-uniformly summable. 

Theoeeu IX. Every qitaai^uniformly eonvergerU aeries of eoniinuoiu funo- 
iionf 18 qvasir^niformly aummable (C). 

Let the series 2«,(a), whose terms are continuous functions of a in (o, 6), 
be itself quad-imiformly convergent in that interval. Form the Ces&ro sum 
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Chapman has proved that every convergent series is summable (C,) with 
sum equal to the ordinary sum.* Hence for each a in (a, b) the ordinary 
sum 9(a) = Sia), and the same reasoning as on p. 14 may be pursued, giving 
the theorem at hand. 

Theorem X. The aeries ^Ja) aumvuMe (Cr) for every a in (a, b) and 
uniformly eumviable (Cr) for a in (a, b) except at a fmie aet of poinia a ^ au 
<xt, •••a,; and, further, for each on 






where Uiia a finOe inieger greater than an arbiirarily chosen finite vt, is quaai- 
uniformly aumtnable {€,) in (a, b). 

The proof of this follows directly that of p. 16. 

Corollary, — The series of continuous functions 2un(a) summable (Cr) 
for every a in (a, b) and uniformly summable (Cr) except at a finite set of 
points ai, at, •■•,a, of (a, b), and such that 



(«<«)-^)- 



lim ( S{a) 

for »{ a finite integer greater than an arbitrarily selected finite vt, has a contin- 
uous Ces&ro sum function in (a, b). 

§ 5. The " CesXro-Riesz " Snus of Hardt and Chapman 

Before proceeding to the " Cesdro-RIesz " sums of Hardy and Chapman 
we establish some general theorems concerning m-tuple limits. 

Theorem XI. Let8p,,p^...,,jlxi,xt, •••,x^) be a function of tivariableaxt 
and m ■paramMera p,. IM 

limSp,p,.,.p.(a;,,a;j, ■•■,«») = s(ii, a:», ■■•,xO 



for each x in the n-way apace X. Let Sp,, i^, ..., pj.xi, •■ ■ x^ be continuous func- 
tions of xi, xt, ■■ -fXn, in X for each fixed set of wduest^ pi,pt, ■■■,Pm' Then 
the necessary and sufficient eondHion that «(zi, Zt, ■••,Xn) bea conHnuoua func- 
tion of Xi ■ • • Xn in X ia that the limit, 

lim Sfif,...pJ,xu xt, - ■ -, X,) = s{xu xu ■ ■ •, x,) 



be approached quaav^niformty in X. 



I, Proe. Land. Math. Soc., Ser. 2, Vol. IX, 1911, p. SH. 
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The argument used to prove this b predsely that used in Theorem I, so we 
choose to omit it here. 

As a special case of Heorem XI we have 

Theorem XII. If the Pnngshdm double limit Sp,f{a) exists for enery 
a in (a, h), and if for each pair of values of p and q, Sp,q(a) is contintums for 
a in (a, b), then the necessary and aufficierd condition that the " sum funcHtm," 

lim Sp,,(o:) " a{a), 

be eonHnuoits in (a, 6) is that this limit he approached tputsiruniformly. 

We proceed now to consider the Ces&ro-RIesz sums. From the series 
Ztir we form the auxiliary series 

lun l^«rU -wZx} . 

where n may take any real positive values whatever, [n] represents the first 
integer greater than n and X(n) is any function of n which increases to infinity 
umultaneoiuly with n. If the limit, 

i^ f X(»l l*t">» 

(30) Iim2:«Jl-j^| -UmS(n,p), 

say, exists as p and n approach infinity simtdtaneoualy but independently, 
the series is sud to be summable. 

It may happen, however, that the limit (30) does not exist but tliat 

(31) "" S".!!-^}"* 

does exist, where the F designates some path over which » and p pass in going 
to infinity, i. e., 

X(n) = f (p). 

In this case we say the series is summable (C, R, F). 
Definition. — Let the series of functions 2w,(a), of a in (o, b), be summable 
by the Ces4ro-Riesz sum for every a in (o, 6). If the limit, 

lim 5(n, p, a) = S(a), 

is approached quasi-utuformly in (a, b), we shall say the series is quasl-uni- 
formly summable (C, R) in (o, 6). 
In particular, if 

lim S(n, p, a) = Sfa) 
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quasi-imifonnly in (a, b), where the path F is \{n) ~ d • p, where d is some 
constant; or F: X(n) = p(i)(n); we shall say that Zu,(a) is qiiau-uniformly 
summable {R, X, d), or (il, X, ») respectively, in (a, 6). 
Let 

(32) ^u,{a) 

be a series of continuous functions of a in (a, 6). Form the series 

(33) lim E «,(«) 1 - ^ [ - lim S(n, p, a) = S(a), 

wherein {1 — X(i')/X(7i)l^"'* =/,(«, p), say, is a function defined for all 
positive values of n and p, and for c = 1, 2, ■ ■ •, [n]. 

Theoreh XIII. Giten the aeries (32) for which the livai in (33) ezub for 
every ain {a,h),i. e., {Z2) is summable {C,K) for eserytx in {a,h). The necessary 
and sttffiderU conditum that (32) have a corUinuous Ceshro-Riesz rum is thai U 
be quasi^unifoTmly summable {C, R) in (a, 6). 

Since (32) is a series of continuous functions of a in (a, b) for a fixed n 
and p, 

S(n, p. o) =£».(«) {l-^)""*. 

13 also continuous with respect to a in (a, b). Furthermore, since the limit 
(33) is approached quasi-uniformly, due to the quasi-uniform summability of 
2u,(a), S(a) is continuous by Theorem XI. Hie second part follows as 
in the former cases. As a direct consequence of this we have the 

Cordlary. — A series qf continuous functions ^,(a) summed (it, X, d) or 
{R, X, m) for every a in (a, fc), Has a amHniums sum function if and only if His 
quasi^niformly summable (fl, X, d) w (fl, X, w) Tetpedively in (o, 6). 

For in these cases we have 

lim S(n,p,«)= lim S«» { 1 "^ P* = S(«), 

where ''";^" designates, as above, that n and p approach infinity simul- 
taneously but along a path F. In the case of (it, X, d), F: X(n) — dp, vbere 
d is a constant, and then wc obtain 



S(ft,p,a) = Eu-(«)jl 



£» 



- dp] 



which is obviously a special case of the above. 

likewise in the case where we have summability {R, X, a>), F: X(n) ou(n)p, 
we obtain another special case. 
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We have stUl to consider the case of repeated limits, i. e., the case where 
first one of the parameters tends to infinity and then after this, the second 
tends to infinity. For this case we have the following general theorem: 

Theorem XIV. Let 

(a) lim lim S{n, p, a) = S(a) for every a in (o, 6); 
»-♦■"-»• 

(i) S(n, p,a) be a continuous function of a for every fixed n and p; 

(c) lim S(n, p, a) = S(p, a) exist for every poaiiite value <^ p, and every a 

in (a, b). 

Then tke necessary and sufficient eonditiona that S(p, a) and S(a) be cot^nuous 
functions of a in {a, b) are thai the limUa, 

lira Sin, p, a) = Sip, a) and lim S(p, a) = S(a) 
If*" J-*" 

are both approached quasi^niformly, in the first ease for p fixed andct in (a, b), 
in the second case for a in (a, b). 

This theorem is proved in a manner precisely analogous to those already 
demonstrated, and also without mention of the fact that n and p must or 
must not be integers; we assume them always positive, however. 

In applying this theorem to the case of summable aeries we proceed after 
the foUowing manner. 

Consider the function 

(34) S(ft. p, cc) = g«,(«) 1 1 - ^ } 

defined, as above, for aU values of n and p in the interval (0, « ) and all a's 
in (a, fc). 

As before, let '^A'^) be a series of continuous functions of a. Ilie terms 
of (34) are then all continuous with respect to ce and so S(n, p, a) is a continuous 
function of a for each n and p fixed. 

Let the limit of (34) exist for each p fixed and n -* « , and let Zur(a) be 
summable by repeated limits for every a in (o, b). Then we have precisely 
conditions (a), (b) and (c) of the preceding theorem fulfilled, so we may apply 
that theorem to summable series and obtain the following theorem. 

Theorem XV. Oiven a series qf coniinuous functions 'Su,(pi) mnmnable 
by repeated limits for eaery a in (a, b). Thenifthelimit,limSin,p,a) = S{p,a), 

exists for each p in (0, <») and every a in (a, b), the necessary and sufficient con- 
ditions that the Sip, a) and S(of), tke sum of the series, be coniinuous funcUons of 
a in (a, b) are that the lindts 

lim S{n, p, a) = S(p, a), lim S(p, a) - S(a) 
be approached quasirwnforwly for a in (a, i). 
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